We show that for every admissible order v ≡ 0 or 2 (mod 6) there exists a near-Steiner triple system of order v that can be halved. As a corollary we obtain that a Steiner almost self-complementary graph with n vertices exists if and only if n ≡ 0 or 2 (mod 6).
Introduction
A graph is self-complementary if it is isomorphic to its complement. Since the introduction of self-complementary graphs in the early nineteen sixties (see [13, 12] ), a vast literature devoted to properties of self-complementary graphs (SC-graphs) has come into existence. As SC-graphs with n vertices exist only if n ≡ 0 or 1 (mod 4) , since the number of edges of the complete graph K n must be even, several authors have initiated a study of the so-called almost self-complementary graphs (ASC-graphs), i.e. graphs G which are isomorphic to the graph obtained from its complementḠ by removing from it one edge (see, e.g. [3, 1, 14] ).
More recently, another concept of almost self-complementary graphs was introduced by Dobson and Šajna [5] ; see also [9] [10] [11] . They call a graph G almost self-complementary if it is isomorphic to the graph obtained from the complement G of G by removing the edges of a 1-factor ofḠ. It is this definition of an ASC-graph that we will deal with in this article.
A Steiner triple system of order v, STS(v) [a near-Steiner triple system of order v, NSTS(v) , respectively] is a pair (V, B) where V is a finite set, |V| = v, and B is a collection of 3-subsets of V called triples such that each 2-subset of V [each 2-subset of V except for elements of I where I is a fixed partition of V into 2-subsets, respectively] is contained in exactly one triple of B [no element of I is contained in a triple of B]. Alternatively, one may consider an STS(v) to be an edge-disjoint decomposition of the complete graph K v into triangles, and an NSTS(v) to be an edge-disjoint decomposition of the cocktail-party graph K v − I (the complete graph with the edges of a 1-factor I deleted) into triangles.
It is well known that an STS(v) exists if and only if v ≡ 1 or 3 (mod 6), and an NSTS(v) exists if and only if v ≡ 0 or 2 (mod 6) [2] .
By analogy with [4] , we examine in this paper NSTS(v) which can be halved. Any NSTS(v)(V, B) for which there exists a partition B = B 1 ∪ B 2 , B 1 ∩ B 2 = ∅ such that (V, B 1 ) and (V, B 2 ) are isomorphic, will be said to have the halving property;
alternatively, we will say that the NSTS can be halved.
Note that unlike for STSs, the number of triples in an NSTS(v) is always even. This means that the trivial arithmetic necessary condition for the existence of an NSTS(v) that can be halved is the same as the necessary condition for the existence of an NSTS(v): v ≡ 0 or 2 (mod 6).
One simple instance when an NSTS(v) can be halved is provided by the following simple observation (cf. Lemma 2.2 in [4] 
, obtained by replacing each triple of B i with its three pairs of edges, are such that G 1 and its almost complement G 2 (with respect to some 1-factor I) are also isomorphic:
is an ASC-graph. The permutation σ may or may not preserve the 1-factor I. In accordance with [9] , σ is an antimorphism of G = (V, E), and a fair antimorphism if σ preserves I; otherwise, the antimorphism is unfair. Following [9] , if (V, B) can be halved and there exists a fair antimorphism of an SASC-graph G, we will say that (V, B) has the fair halving property. If, moreover, the fair antimorphism σ is an automorphism of the corresponding NSTS(v)(V, B) (i.e., also σ(B 2 ) = B 1 ) then σ is a strong antimorphism, G G i is a strong SASC-graph, and the NSTS(v)(V, B) has the strong halving property (or can be strongly halved). We will see that there exist fair antimorphisms of SASC-graphs which are not automorphisms of the corresponding NSTS.
Clearly, the NSTSs of Lemma 1 and Corollary 2 have in fact the strong halving property.
Example 1.
Any NSTS (6) is isomorphic to the one whose triples are {1, 2, 3}, {3, 4, 5}, {1, 5, 6}, {2, 4, 6}. This NSTS(6) may be halved, e.g., by taking B 1 = {{1, 2, 3}, {2, 4, 6}}, B 2 = {{3, 4, 5}, {1, 5, 6}}. Here I = {{1, 4}, {2, 5}, {3, 6}}. The antimorphism α = (14)(25) of the corresponding SASC-graph is fair as it preserves I (while the antimorphism β = (134)(25) is unfair) and is strong as it is also an automorphism of our NSTS (6) ; thus the unique NSTS (6) has the strong halving property.
Example 2. The NSTS (8) is also unique, and is isomorphic to a system (V, B) where V = {1, 2, 3, 4, 5, 6, 7, 8}, B = {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 8}, {6, 7, 1}, {7, 8, 2}, {8, 1, 3}}.
This NSTS (8) admits three nonisomorphic halvings {B 1 , B 2 }, with B 1 given below, where in each case B 2 = B \ B 1 :
The automorphism groups of {B 1 , B 2 }, considered as a decomposition of the cocktail-party graph The antimorphism α = (0 4 5 9)(1 2 7 12)(3 10 8 13)(6 11) mapping B 1 onto B 2 is fair as it preserves the 1-factor I = {{0, 10}, {1, 7}, {2, 12}, {3, 9}, {4, 8}, {5, 13}, {6, 11}}, and is strong since also α(B 2 ) = B 1 . As a Corollary to Theorem 2.10 of [4] we obtain: NSTS(20) which can be strongly halved.
Lemma 5. If v + 1 is a prime power congruent to 13 modulo 24, then there exists an NSTS(v) which can be halved (and thus an SASC-graph with v vertices).

Lemma 6. There exists an
We take the cyclic STS(21) with base blocks {0, 1, 5}, {0, 2, 10}, {0, 3, 9} and {0, 7, 14} (cf. [7] , cyclic system No.3). We delete the point 20 and the triples containing this point. The NSTS(20) obtained in this way may be strongly halved, e.g., by taking B 1 = {{0, 1, 5}, {1, 2, 6}, {2, 3, 7}, {3, 4, 8}, {4, 5, 9}, {5, 6, 10}, {6, 7, 11}, {7, 8, 12}, {11, 12, 16}, {18, 19, 2}, {2, 4, 12}, {3, 5, 13}, {4, 6, 14}, {5, 7, 15}, {6, 8, 16}, {12, 14, 1}, {16, 18, 5}, {19, 0, 8}, {0, 3, 9}, {1, 4, 10}, {2, 5, 11}, {3, 6, 12},{4, 7, 13}, {5, 8, 14}, {7, 10, 16}, {13, 16, 1},{15, 18, 3}, {0, 7, 14},{3, 10, 17}, {4, 11, 18}}; B 2 = {{8, 9, 13}, {9, 10, 14}, {10, 11, 15}, {12, 13, 17}, {13, 14, 18}, {14, 15, 19}, {16, 17, 0}, {17, 18, 1}, {0, 2, 10}, {1, 3, 11}, {7, 9, 17}, {8, 10, 18}, {9, 11, 19}, {11, 13, 0}, {13, 15, 2}, {14, 16, 3}, {15, 17, 4}, {17, 19, 6}, {6, 9, 15}, {8, 11, 17}, {9, 12, 18}, {10, 13, 19}, {12, 15, 0}, {14, 17, 2}, {16, 19, 4}, {18, 0, 6}, {19, 1, 7}, {1, 8, 15}, {2, 9, 16}, {5, 12, 19}}; I = {0, 4}, {1, 9}, {2, 8}, {3, 19}, {5, 17}, {6, 13}, {7, 18}, {10, 12}, {11, 14}, {15, 16}. The halving permutation α = (0 1 18 16) (2 14 8 11) (3 19) (4 9 7 15)(5 17)(6 13) (10 12) preserves the 1-factor I, and moreover α(B 2 ) = B 1 . Thus α is strong. 
C 2 consists of triples:
Family D can be represented by the following set D of 4k − 3 base blocks: {0, 6k − 2 − i, 6k + i}, i = 0, 1, 2, . . . , 2k − 2, {0, 10k − j, 10k + 1 + j}, j = 0, 1, 2, . . . , 2k − 4, and {0, 8k, 16k}. Let
Moreover, D 1 = {{4m, 4m + 8, 4m + 16}, {4m + 1, 4m + 9, 4m + 17} : m = 0, 1}. Let C 2 = αC 1 and D 2 = αD 1 where α =α •ᾱ andᾱ = (0 2 4 . . . 22)(1 3 5 . . . 23) .
In both cases, we construct a strongly halvable NSTS(v) . Let B * =B ∪ C ∪ D, B 1 =B 1 ∪ C 1 ∪ D 1 and B 2 =B 2 ∪ C 2 ∪ D 2 , and let I =Î ∪ {{i, 12k + i} : i = 0, 1, . . . , 12k − 1}, whereB is obtained from B given in the proof of Lemma 6 by replacing i with ∞ i for i = 0, 1, . . . , 19 (and similarly forB 1 ,B 2 ,Î). The permutation α preserves the 1-factor I and is a strong halving permutation for the system (V * , B * ). 
